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2 singular inner functions $H^{\infty}+C_{\text{ }}$ division
, singular inner function . singular
inner function $\backslash D$ “ ” “ 1
\acute , .
$D=\{z\in \mathbb{C} : |z|<1\})$ $\partial^{r}D=\{z\in \mathbb{C} : |z|=1\}\backslash$ . $H^{\infty}$ $D$ bounded
analytic functions Banach algebra , $H^{\propto)}$ rnaximal ideal
space ; $H^{\infty}$ nonzero multiplicative linear functional
. $9\mathrm{J}\mathrm{t}$ $\mathrm{w}\mathrm{e}\mathrm{a}\mathrm{k}-*\mathrm{t}\mathrm{o}\mathrm{p}_{0}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{y}$ , compact Hausdorff space
. , $D\subset\Re \mathrm{t}$ (homeomorphic) , $D$
dense . $f\in H^{\infty}$ Gelfand $\hat{f}$ – ( ,
). , $H^{\infty}$ $C(9\mathfrak{n})$ closed subalgebra .
, $H^{\infty}$ -function boundary function – , . $H^{\infty}$ $L^{\infty}=$
$L^{\infty}(\partial D)$ closed subalgebra . , $H^{\infty}+C(C$ $\partial D$
complex-valued continuous functions ) { $L^{\infty}\text{ }H^{\infty}$ proper
closed subalgebra , $\mathrm{x}\mathrm{n}\mathrm{a}\mathrm{X}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{l}$ ideal space 1 $\mathfrak{M}_{H^{\infty}+c^{\mathrm{v}=}}\mathfrak{M}\backslash D$
.
$\mu\xi;\partial D-\mathrm{h}^{\text{ }}$ (nonzero $\gamma_{\mathrm{X})}$ positive singular measure (with respect to the Lebesgue
lneasure on $\partial D$ ) , measure $\mu$ M .
$\mu\in M_{s}^{+}$ :
$\psi_{\mu}(_{Z)}=\exp(-\int_{\partial D}\frac{C^{i\theta}+Z}{c^{i\theta}-z}d\mu(e^{i\theta}’)),$ $z\in D$
singular inner function . , $S(\mu.)$ $\mu$ closed support .
$M_{s,c}^{+}=$ { $\mu\in M_{s}^{+}$ : $\mu$ is a continuous measure},
$M_{s,d}^{+}=$ { $\mu\in M_{s}^{+}$ : $\mu$ is adiscrete measure},
$L_{+}^{1}(\mu)=$ { $1\text{ }\in M^{+}S$ : l is $\mathrm{p}_{\mathrm{o}\mathrm{S}\mathrm{i}}\mathrm{t}\mathrm{i}\mathrm{V}.\mathrm{e}$, | $<<\mu$ }
. $\mu$ C\in S , $L_{+}^{1}(\mu)$ , singular inner functions
family $\{\psi_{\text{ }}, : l\text{ }\in L_{+}^{1}(\mu)\}$ . family measure $\mu$ singular
inner functions of $L^{1}$ -type .
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([3,5] ). , $f\cdot\in H^{\infty}$
$\{|f|<1\}=\{\prime x\in \mathfrak{R}\mathrm{t}\backslash D : |f(\prime X)|<1\}$ , $Z(f)=\{.’\chi j\in \mathfrak{M}\backslash l):.f\cdot(.r\cdot)=()\}$
.
Lemma 1. $b\text{ }$ interpolating Blaschke product. $’\psi_{\mu}\mathrm{E}$: singular inncr function $\text{ }\not\supset^{-}$
. $Z(b)\subset Z(\psi_{\mu})$ , $\{|b|<1\}\subset Z(\psi_{\mu})$ .
$\zeta\in\partial D$ , $\mathfrak{M}_{\zeta}=\{x\in \mathfrak{M} : z(x)=\zeta\}$ $\zeta$ fiber .
$\mu\in M_{s}^{+}$ . $\psi_{\mu}$ $\partial D\backslash S(\mu)$ , $\dot{c}JD\backslash \mathrm{A}9^{\gamma}(\mu \mathrm{I}$ $\xi$
fiber $\mathfrak{M}_{\xi}$ $\psi_{\mu}$’ constant . $Z(’\psi_{\mu})$ $\{|\psi_{\mu}|<1\}$ $\bigcup_{\zeta(/}\in_{1}\mathrm{b}^{\mathrm{V}},$ ) $\mathfrak{M}_{(^{-}}$
.
Proposition 2. $\mu\in M_{\mathit{8}}^{+}$ ; $\delta_{\zeta}$ $\dot{\zeta}$ $(,\zeta^{\backslash }\in\partial’.D)$ $u\eta_{-}i\mathrm{f}$, point mass .
$\mu\perp\delta_{\zeta}$ , $\Re \mathrm{t}_{\zeta}\cap\{|\psi_{l^{4}}|<1\}\subset Z(\psi_{\text{ }},)$ $l\text{ }\in L_{-\vdash}^{1}(\mathit{1}^{\chi})$ .
$P_{7^{\backslash }}oof$. $\zeta\not\in \mathrm{A}9(\mu)$ $\mathfrak{M}_{\zeta}\cap\{|\psi_{\mu}’|<1\}=c\beta$ .
$(^{\vee}\in S(\mu)$ . $\bigcap_{n=1}^{\infty}.J_{n}=\{\zeta\}$ $\partial D$ decreasing open subsrcs
sequence $\{J_{n}\}_{n}$ . $\mu_{n}=\mu|_{J_{7\mathrm{t}}}$ ( $\mu$ $J_{n}$ ) $||$ }$4_{l},.||\neq()$
. $/x\perp\delta_{\zeta}$ $||\mu_{\gamma \mathrm{L}}||arrow 0(narrow\infty)$ . $\sum_{1.=1}^{\infty},||$ } $l_{1},.||<\infty$
. positive $\mathrm{n}\mathrm{u}\mathrm{I}\mathrm{n}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{S}$ sequence $\{p_{n}\}_{1\iota}$. $\sum_{7?=}^{\infty}.--1\int$), $|\iota|/x,,.||<\infty$
$p_{n}arrow\infty(narrow\infty)$ , $| \text{ }=\sum_{7L=1}^{\infty}pnl\chi_{7’\ovalbox{\tt\small REJECT}}$ .
$\mu_{n}\in L_{+}^{1}(\mu),$ $||l \text{ }||\leq\sum_{n=1}^{\infty}pn||\mu 7\iota||<\infty$ $l^{\text{ }}\in L_{+}^{1}(/l)$ . fiber $9.\eta_{\zeta}$
$|\psi_{\mu_{\gamma\iota}}’|=|\psi_{\mu}|$ , $|’\psi_{l\text{ }}|\leq|\psi_{\mu_{7l}}|^{p_{7\mathrm{L}}}=$ |\psi \mu .
$n$ , $p_{7?}$. $arrow\infty(narrow\infty)$ .
, :
$\mathcal{R}(\mu)=\bigcup_{\prime \text{ }\in L_{+}^{1}(\mu)}\{|\psi_{l\text{ }}|<1\}$
,
$\mathcal{R}_{0}(\mu)=\bigcup_{\prime\prime\in L_{+}(l’)}$$z(f\psi," \text{ })1^{\cdot}$
Proposition 3 \mu \in M , $\mathcal{R}(l^{I)=\mathcal{R}(\mu)}\mathrm{o}$ .
$Proof$.
$\prime \mathcal{R}_{0}(\mu)\subset \mathcal{R}(\mu)\subset\bigcup_{\zeta\in S(\mu)}\mathfrak{M}\zeta$
. $l^{\text{ }}\in L_{+}^{1}(\mu),$ $\zeta\in \mathrm{A}9^{\mathrm{Y}}(\mathit{1}\iota)$ . Propo-
sition 2 , $\sigma\in L_{+}^{1}(l\text{ })$
(1) $\mathfrak{M}_{\zeta}\cap\{|\psi \mathfrak{l}\text{ }|<1\}\subset Z(\psi_{\sigma})$
. $\sigma\in L_{+}^{1}(l^{\text{ }})\subset L_{+}^{1}(\mathit{1}^{l})$ (1) \mbox{\boldmath $\zeta$} $\cap\{|\psi_{l}\text{ }|<-\perp\}\subset \mathcal{R}_{()}(l^{x)}\cdot$




Theorem 4. $\mu-\in M_{\mathcal{B}}^{+},$ $\mu=\mu_{c}+\mu_{d}(\mu_{c}\in M_{\mathit{8},C}^{+}, \mu d\in M_{s,d}^{+})$ . , $/J_{d}=$
$\sum_{7\iota=1}^{\infty}a7\iota e\delta i\theta_{7\iota}(a_{\iota}.,>0)$ . , .
(i) $\mathcal{R}(\mu)=\mathcal{R}_{0}(\mu)$ .
(ii) $n$ $\{|\psi_{\delta_{e}}.i\theta_{7\iota}|<1\}\subset Z^{\Gamma}(\psi l\ovalbox{\tt\small REJECT} n)$ $l\text{ _{}n}\in L_{+}^{1}(\mu)$ .
(iii) $n$ $S(\lambda_{n})\subset S(\mu)$ $\{|’\psi_{\delta}e^{i\theta_{7}}\iota|<1\}\subset Z.(\psi_{\lambda_{7}}l)$ $\lambda_{n}\in M_{s}^{+}$
. $\mathrm{t}$
.




. , $.\mathcal{R}(\mu)\neq \mathcal{R}_{0}(\mu)$ . $x\in \mathcal{R}(\mu)\backslash \mathcal{R}i0(\mu)$
. $x$ , $l\text{ }\in L_{+}^{1}(\mu)$
(2) $0<|\psi_{l\text{ }}(X)|<1$
. $n$ $|\psi_{\delta_{\mathrm{e}^{i\theta}}}7\mathrm{t}(x)|<1$ .
, $n$ $=$
(3) $|\psi_{\dot{\delta}_{\text{ ^{}i}}}\theta_{7\iota}(_{X)}|=1$
. $l \text{ }=\sum^{\infty}71=1b_{n}\delta e?.\theta_{7\iota}(b_{n}\geq 0)$ , (2) (3) $n$
$b_{7\iota}>0$ . , $\eta$} $b_{n}>0$ –
. $\sum_{n=1}^{\infty}b_{n}<\infty$ , $\sum_{n=1}^{\infty}p_{nn}f$) $<\infty$ $p_{n}arrow\infty(7l_{m}arrow\infty)$
increasing positive nuunbers sequence $\{p_{7\iota}\}_{7\iota}$ . $\sigma=\sum_{7\iota=1}\infty p_{7\iota}b_{\uparrow}\mathrm{t}\delta \mathrm{t}\theta_{\tau}e\iota$
$\sigma\in L_{+}^{1}(\mu)$ . positive integer $k$ $l \text{ _{}k}=\sum_{\tau\iota=}^{\infty}k$. $b_{n}\delta_{\theta^{i}}.\theta_{\gamma\iota}$ .
$k$ $\sigma\geq p_{k^{l}}\text{ _{}k}$ , (3) .. ..
$|\psi_{\sigma}(X)|\leq|\psi_{\text{ }},k(X)|^{p_{k}}=|\psi_{\mathrm{T}}\text{ }(X)|^{pk}$
. $k$ $p_{k}arrow\infty(narrow\infty)$ (2)
$x\in Z(\psi_{\sigma})$ . $x\in \mathcal{R}_{0}(\mu)$ . $\square$
$\mathrm{f}$
Proposition 3 discrete type continuous type
.
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Lemma 6. $l^{l}\in M_{\backslash }^{+}$. $\cdot$ $\epsilon i^{i\theta}\in c‘ JD$ $\{|’\psi_{\delta_{e}}i.\theta|<1\}\subset Z(\mathit{1}\psi 1\mathrm{I}\mu$ .
$l^{\iota_{1}}=_{l^{\iota-}\mu}(\{\epsilon:^{j\theta}\})\delta.i\theta e$ , $\{|’\psi\delta \mathrm{e}^{\tau\theta}|<1\}\subset Z(’\psi_{\mu 1})$ .
$P^{\theta}roof$. $’\gamma\cdot(0<7^{\cdot}<1)$
$b(z)= \frac{\prime\psi_{\delta_{e^{?}}}\theta(z)-r}{1-r\cdot\prime\psi_{\delta_{j\theta}}1\mathrm{e}(\vee)\vee}$ , $z\in D$
, $b$ i interpolating Blaschke product ([4] ). $\{P\mathit{1},’\}|.\prime 1_{\ovalbox{\tt\small REJECT}}$ $()$
, ,n $\psi_{\delta_{e^{?}}}\theta(\tau\iota_{7\iota}))=7^{\cdot}$ . $\overline{\{\mathrm{t}l_{r\iota}’\}}_{7\iota}\backslash \backslash \{\{_{7b}’\},1$. $=Z(f_{J)}$
$\psi_{\mu_{1}}|=0$ ( $\{u_{?\iota},1\}_{7},$. closure). , Lemina 1
$\{|b|<1\}\subset Z(\psi_{\mu\text{ }})$ , $b$ $\{|b|<1\}=\{|\psi_{\delta_{\mathrm{e}^{i\theta}}}|<1\}$
Proof of Theorem 4. $(\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{i})n=1$ . $r\cdot(0<7^{\cdot}<1)\ovalbox{\tt\small REJECT}$
$b(z)= \frac{\psi_{\delta}.(\mathcal{Z})e^{i\theta_{1}}-7}{1-7\psi_{\delta_{j}}\theta(_{\mathcal{Z})}},\cdot$ , $z\in D$
. $b$ interpolating Blaschke product ,
(4) $\psi_{(\rangle}e^{i\theta}1=\gamma$ . on $Z(b)$ .
$\{|\psi_{\delta_{e^{i\theta}1}}|<1\}\subset\bigcup_{l\text{ }\in L_{+}^{1}(}\mu)\{|\psi_{l\text{ }}|<1\}$ $Z(b) \subset\bigcup_{l\text{ }\in L_{+}^{1}(}\mu)\{|\psi_{t\text{ }}|<1\}$ .
(i) , $x\in Z(b)$ $\sigma_{x}$ $\in L_{+}^{1}(\mu)$ $\psi_{\sigma_{x}}(x)=0$ .
$\delta_{e^{i\theta_{1}}}\perp\sigma_{x}$ . ( , $\sigma_{x}’$. $=\sigma_{x}-\sigma X(\{\epsilon i^{i\theta}\}1)\delta_{e}l\theta_{1}$ ,
$\sigma_{x}’$. $\in L_{+}^{1}(\mu),$ (4) $\psi_{\sigma_{x}’}(x)=0$ , $\delta_{e^{j\theta}\perp}\perp\sigma_{x}’$ ). $Z(b)$
compact set $Z(b) \subset\bigcup_{j=1}^{k}\{|\psi\sigma_{j}|<1\}$ $\sigma_{1},$ $\cdots,$ $\sigma_{k}\in L_{+}^{1}(\mu)$
. $\delta_{e^{i\theta_{1}}}\perp\sigma_{j}(j=1, \cdots, k)$ . $\lambda=\sum_{j=}^{k}1\sigma_{j}$
, $\lambda\in L_{+}^{1}(\mu),$ $\delta_{e^{i\theta_{1}}}\perp\lambda$ , $Z(b)\subset\{|\psi_{\lambda}||<1\}$ . ,
Proposition 2 , $\mathfrak{M}_{e^{\tau\theta_{1}}}\cap\{|\psi_{\lambda}|<1\}\subset Z(\psi_{l\text{ }})$ $l\text{ }\in L_{+}^{1}(\lambda)$ .
$\lambda\in L_{+}^{1}(\mu)$ $l\text{ }\in L_{+}^{1}(\mu)$ . $Z(b)\subset \mathfrak{M}_{\text{ ^{}i\theta}\perp}$ $Z(b)\subset Z(l_{\text{ }},")$
. $b$ interpolating Blaschke product Lemma 1 $\{|b|<1\}\subset Z(’\psi_{\text{ }},)$ .
$\{|b|<1\}=\{|\psi_{\delta}e^{i\theta}.1|<1\}$ $\{|\psi_{\delta}e^{i\theta}\perp|<1\}\subset Z(\psi_{t\text{ }})$ .
$(\mathrm{i}\mathrm{i})\Rightarrow(\mathrm{i})$
$\mathcal{R}(\mu)=\mathcal{R}(\mu_{C})\cup \mathcal{R}(\mu d)$ , $\mathcal{R}_{0}(l^{\chi})=\mathcal{R}_{0}(\mu_{C})\cup \mathcal{R}_{0}(_{\}l_{d}})$
. ,
$\mathcal{R}(\mu)$ $=$ $\mathcal{R}_{0}(\mu_{C})\cup \mathcal{R}(l^{\chi_{d})}$ by Proposition 2
$=$ $\mathcal{R}_{0}(\mu_{C})\cup(\mathcal{R}_{0}(\mu_{d})\cup\bigcup_{7\iota=1}^{\infty}\{|\psi\delta_{\mu n}\theta|<1\})$ by Lemma 5





Theorelrl 4 $\mu$ discrete measure .
Theorem 7. $l^{x=} \sum_{7\iota=1}^{\infty}a\delta_{\mathit{6}^{i\theta}}n.7\iota\in M_{\sigma,d}^{+}.\cdot(a_{n}>0)$ . ,
.
(i) $\mathcal{R}(\mu)=\mathcal{R}_{()}(\mu)$ .
(ii) $n$ $\{|-\psi_{\delta}\mathrm{e}^{i\theta}n|<1\}\subset Z(\psi_{\text{ _{}7}},\iota)$ $l\text{ _{}n}\in L_{+}^{1}(l^{l})$ .
(iii) $n$ $S(\lambda_{n})=S(\mu)$ $\{|\psi_{\delta_{e^{i\theta_{7\iota}}}}||.<1\}\subset Z(\psi_{\lambda_{n}})$ $\lambda_{n}\in M_{s}^{+}$
.
(iv) $\{|\psi_{\mu}’|<1\}\subset Z(\psi_{l\text{ }}|)$ $l^{\text{ }}\in L_{+}^{1}(\mu)$ .
(v) $S(\lambda)=S(\mu)$ $\{|\psi_{\mu}|<1\}\subset Z(\psi_{\lambda})$ $\lambda\in M_{s}^{+}$. .
$P\uparrow oof$. $(\mathrm{i}).,(\mathrm{i}\mathrm{i}),(\mathrm{i}\mathrm{i}\mathrm{i})$ Theorem 4 .
$(\mathrm{i}\mathrm{v})\Rightarrow(\mathrm{v})\Rightarrow(\mathrm{i}\mathrm{i}\mathrm{i})$ .
$(\mathrm{i}\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{v})$ $n$ $\{|\psi_{\delta_{e}}|j\theta_{n}|<1\}\subset Z(\psi_{\text{ _{}7}},\iota)$ $l\text{ _{}n}\in L_{+}^{1}(\mu)$
. $Ci$ $Z(/\psi_{\text{ _{}7}},\iota)=Z(\psi_{C\nu_{n}})$ $\sum_{7\mathit{1}.=1}^{\infty}||l\text{ _{}\mathrm{y}\iota}||<\infty$
. $\lambda=\sum_{n=1^{\prime \text{ _{}7\iota}}}^{\infty}$ $\lambda\in L_{+}^{1}(\mu)$ . $\lambda$ discrete
$\iota \mathrm{n}\mathrm{e}\mathrm{a}\mathrm{s}\mathrm{u}\mathrm{r}\mathrm{e}$ ,
$\lambda=\sum_{n=1}^{\infty}b_{n}\delta_{e}i\theta_{\mathrm{n}}$ , ’ $b_{n}\geq 0,$ $\sum_{n=1}^{\infty}b_{n}.<\infty$ ,
. $\sum_{n=1}^{\infty}p_{n}(a_{n}+b_{n})<\infty$ $p_{n}arrow\infty(narrow\infty)$ increasing
positive integers sequence $\{p_{n}\}$ $l^{\text{ }}= \sum_{7\mathrm{L}=1}^{\infty}p_{n}(a_{n}+b)n\delta_{e}i\theta 7\iota$ ,
$|\text{ }\in L_{+}^{1}(\mu)$ . . $l\text{ }$ lneasure , $|\psi_{\mu}’(x\cdot)|<1$
$x\in \mathfrak{M}\backslash D$ $’\psi_{l\text{ }}(X)=0$ . $l \text{ }\geq\lambda=\sum_{\tau\iota 1}^{\infty}=l\text{ _{}n}\geq l\ovalbox{\tt\small REJECT}_{r\iota}$
, $n$ $\backslash D$ $|\psi_{l\text{ }}|\leq|\psi|,\text{ _{}7}\iota|$ . $n$ $|\psi_{\delta_{e^{i\theta}t\mathrm{t}}}(.x\cdot)|<1$
, (ii) $x\in z(\psi_{l\text{ }}|)$ . $n$
(5) $|’\emptyset\delta_{e^{i\theta_{7\iota}}}(x)|=1$
.
$1 \text{ _{}n}’=\sum pj(a_{j}+b_{j})\delta_{\text{ }}j=n\infty i\theta_{j}$ , $\mu_{n}’=\sum_{j=n}^{\infty}aj\delta_{e}i\theta \mathrm{j}$
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, $,4 \geq p_{n}\sum_{j7\mathrm{t}}^{\infty}=j\delta ae^{i}\theta_{j}=p_{n}\mu_{7b}’$ . , $n$ $\backslash D$
$|\psi_{\nu_{7}’}\iota|\leq|\psi_{\mu_{n}^{J}}|^{p_{7l}}$ . ,
$|\psi_{\nu}(_{X^{\backslash }})|$ $=$ $| \psi_{\nu_{n}’}(X).|\prod|\psi_{\delta}i\theta(x)|nj=1-1ej:pj(aj..+b_{j})$
$=$ $|\psi_{\nu_{n}^{\prime(}}X)|$ by (5)
$\leq$ $|\psi_{\mu_{n}’}(x)|$
$=$ $|\psi_{\mu}(X)|^{p_{7}}\mathrm{t}$ by (5).
$n$ , $p_{n}arrow\infty(narrow\infty)$ ,\psi l (x) $=0$
.
Theorem 7 (ii) measure .
Example. P. Gorkin [3] , $l\text{ }\in M_{6}^{+}$. $\{|’\psi,\text{ }|<1\}\subset$
$Z(\psi_{\lambda})$ $\lambda\in M_{s,d}^{+}$ . , $\lambda$ total variation
$||\lambda||$ .
$7\text{ _{}0}\in M_{s,d)}^{+}.|||\text{ _{}0}||\leq 1$ . , $l\text{ _{}1}\in M_{s,d}^{+}$ $\{|\psi l\text{ }|<1\}\subset Z(’\emptyset l\text{ _{}1})$
$||l\text{ _{}1}||\leq 1/2$ . , $l\text{ _{}2}\in M_{s,d}^{+}$. $\{|\psi_{l\ovalbox{\tt\small REJECT}_{\}}}|<1\}\subset Z(\psi_{1\text{ }}2)$
$||\mathit{1}\text{ _{}2}||\leq(1/2)^{2}$ . ,
(6) $\{|\psi_{\mathrm{T}\text{ }}k-1|<1\}\subset Z(\psi,\text{ }\kappa-)$
$||l\text{ _{}k}||\leq(1/2)^{k}$ discrete positive singular measures se-
quence $\{l\ovalbox{\tt\small REJECT}_{k}\}_{k}$ .
$\mu=\sum_{k=1}$ | k
, $\mu\in M\text{ }$ $k$ $l\ovalbox{\tt\small REJECT}_{k}\in L_{+}^{1}(\mu)$ . $\mu(\{e^{i\theta}\}0)>0$
$l\ovalbox{\tt\small REJECT}_{k}(\{e,\}i\theta 0)\neq 0$ positive integer $k$ . , $\{|\psi_{\delta}e^{\dot{\gamma}\theta}0|<1\}\subset$
$\{|\psi_{l\text{ }}k|<1\}$ , (6) $\{|\psi_{\delta}e^{i\theta}0|<1\}\subset Z(\psi_{\text{ }},k+1)$ . lneasure $\mu$
Theorem 7 (ii) .
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